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The presence and the microscopic origin of normal stress differences in dense suspensions under
simple shear flows are investigated by means of inertialess particle dynamics simulations, taking
into account hydrodynamic lubrication and frictional contact forces. The synergic action of
hydrodynamic and contact forces between the suspended particles is found to be the origin of
negative contributions to the first normal stress difference N1, whereas positive values of N1
observed at higher volume fractions near jamming are due to effects that cannot be accounted
for in the hard-sphere limit. Furthermore, we found that the stress anisotropy induced by the
planarity of the simple shear flow vanishes as the volume fraction approaches the jamming point
for frictionless particles, while it remains finite for the case of frictional particles.
1. Introduction
Steady-shear rheology provides a fundamental framework for the investigation and description
of the properties of incompressible non-Newtonian fluids. In the presence of a simple shear
flow, with shear rate Ûγ, the response of different fluids is characterized by three degrees of
freedom of the symmetric stress tensor σ (since the others are fixed by the geometry of the flow).
These are commonly identified with the shear stress σ ≡ 〈σxy〉, through which the viscosity
η ≡ σ/ Ûγ is defined, and the first and second normal stress differences, N1 ≡ 〈σxx − σyy〉 and
N2 ≡ 〈σyy − σzz〉, respectively. (We set x as the flow direction, y as the gradient direction, and
z as the vorticity direction of the simple shear flow.) Newtonian fluids are characterized by the
constant value of η, while N1 and N2 are zero. On the other hand, all of the three functions are
required to identify or distinguish non-Newtonian fluids.
Historically, normal stress differences have been particularly important to characterize vis-
coelastic fluids. In steady shear, it is impossible to distinguish the viscous and the elastic
contribution to the shear stress, but the presence of a nonvanishing N1 is a signature of elastic
effects. Indeed, the extensional component of the flow stretches elastic elements, such as polymer
chains, and the convection determined by the rotational component of the flow leads to positive
values of N1. It is desirable to be able, also for other fluids, to associate nonvanishing values of the
normal stress differences with some microscopic mechanism causing non-Newtonian behaviors.
Suspensions, namely mixtures of solid particles and viscous liquids, are an important class
of non-Newtonian fluids that exhibit shear thinning and thickening (Laun 1984; Barnes 1989;
Mewis &Wagner 2011; Guy et al. 2015). Since suspended particles are usually very rigid, there is
no obvious elastic component in such fluids. To thoroughly characterize them, significant efforts
have been made to measure normal stress differences (Laun 1994; Zarraga et al. 2000; Singh
& Nott 2003; Lootens et al. 2005; Couturier et al. 2011; Dai et al. 2013; Dbouk et al. 2013;
Cwalina & Wagner 2014; Royer et al. 2016; Gamonpilas et al. 2016; Pan et al. 2017; Hsiao et al.
2017). Though experimental results do not always agree, most of them reported a negative N1
for moderately dense suspensions at high shear rates. Few of them also reported a characteristic
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transition from negative to positive values of N1 at high shear rates in very dense suspensions. By
contrast with the positive N1 measured for viscoelastic fluids, negative values of N1 are considered
an unusual and unique rheological feature of suspensions.
The question of what microscopic effects determine the observed normal stress differences
in suspensions has so far received only partial answers (for more details see the recent review
article by Guazzelli & Pouliquen (2018)). Stokesian Dynamics simulations by Phung et al.
(1996) reproduced negative values of N1 at relatively high shear rates, meaning large values of
the Péclet number Pe. Bergenholtz et al. (2002) presented a theoretical argument identifying a
negative hydrodynamic contribution to N1 and a positive one due to Brownian interactions in
dilute suspensions. More recent simulations, including frictional contacts besides hydrodynamic
interactions, reproduced the transition from negative to positive N1 (Mari et al. 2015; Singh et al.
2018; Boromand et al. 2018). As a consequence, positive values of N1 in very dense suspensions
tend to be explained as an effect of frictional contact forces or granular dilatancy.
This fostered the misconception that the sign of N1 can discriminate between regimes in
which either hydrodynamic interactions are dominant (negative N1) or contact interactions are
(positive N1). With the present paper, we provide evidence that a different interpretation is in
order. Namely, upon increasing the volume fraction φ in the high-Péclet-number limit, there is
a transition from a regime in which the negative values of N1 are essentially determined by
hydrodynamic interactions to a regime in which synergies between hydrodynamic and contact
interactions produce even more evident negative values of N1. It is only at volume fractions
approaching the jamming conditions that we can observe positive values of N1 and our results
indicate that, for a computational model that aims at simulating hard-sphere suspensions, these
ought to be regarded as artifacts of the numerical approximation. Indeed, we can identify the origin
of a positive N1 in the elastic interactions employed to regularize the hard-sphere contacts. In
turn, this fact suggests that experimental measurements of positive values of N1 may indicate the
presence of elastic interactions, such as soft elastic layers at particle surfaces or some cohesive
bonding between particles, that cannot be captured by simple hard-sphere models. Another
possible explanation for these observations traces them back to boundary effects, due to presence
of walls that cannot be avoided in standard rheometry (Yeo & Maxey 2010; Gallier et al. 2016).
If this is the case, simulations of the bulk rheology, like the ones we performed, should not be
expected to reproduce the measured values of N1 near jamming.
A key point in our investigation is the geometric interpretation of N1 as a proxy for the
misalignment between the stress σ and the symmetric part of the velocity gradient D (Giusteri
& Seto 2018). Indeed, the ratio N1/σ determines the angle θs, in the flow plane, between the
eigenvectors of σ and those of D. Such misalignment does not occur in planar extensional
flows (Seto et al. 2017). Another fruitful heuristic step involves the approximation of N1 with
the first normal stress difference generated only by normal forces between pairs of particles.
This allows us to draw a direct and pictorial link between the microstructure of the force network
generated under simple shear and the macroscopic value of N1, which opens the way for extending
a similar analysis to the case of granular flows.
To complete our analysis of normal stresses, we study the quantity N0 ≡ N2 + N1/2, that
measures a stress anisotropy caused by the planarity of simple shear flows. Differently from the
standard N2, the quantity N0 is fully independent of N1, since they relate to mutually orthogonal
terms in a linear decomposition of the stress tensor (Giusteri&Seto 2018). In this sense,N0 ismore
informative than N2, as it appears also from its use in presenting experimental measurements (see,
for instance, Boyer et al. 2011b).
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2. Computational model
The rheology of dense suspensions is dominated by the shear-induced microstructure but,
except for a few asymptotic regimes, a theoretical treatment of the problem is out of reach. We
employ a simulation model developed in previous works (Seto et al. 2013; Mari et al. 2014),
aiming to reproduce inertialess particle dynamics in Stokes flows. Our simulation is similar to
Stokesian Dynamics (Brady & Bossis 1988), but it omits long-range hydrodynamic interactions
as explained below.
It is known that the original Stokesian Dynamics simulation is singular in the non-Brownian
limit (Pe→∞) due to a diverging factor of 1/h in the lubrication resistance (Ball&Melrose 1995),
where h is the interparticle gap. Since this singularity is due to the mathematical idealization,
we can obtain some physical insight by using a slightly modified model. We thus regularize the
lubrication resistance by introducing a small length scale δ and replacing the factor 1/h with
1/(h+δ). Though this is a reasonable modification, it has a drastic consequence: particle contacts
are no longer forbidden. We then need to introduce also a contact model.
Particles in suspensions are very hard, so that deformations under typical stresses are negligibly
small and we can consider them as rigid bodies. A simulation strategy for the dynamics of hard
spheres with multiple contacts, in which overlaps are perfectly avoided, is available (Lerner et al.
2012). However, this approach is only for frictionless systems, where particles can freely slide
against each other. In real systems, particles may also experience some tangential contact forces.
To be able to capture these effects, we employ a frictional contact model commonly used in
Discrete Element Methods. At each contact point, normal and tangential forces are activated. The
strength |F nC | of the normal repulsive force is proportional to the overlap |h| between two particles,|F nC | = kn |h|. Though the constant kn could match the real elastic modulus of the particles, we
usually need to set a smaller value to capture the contact dynamics with reasonably large time
steps (more on this point in §3.5). The strength |F tC | of the tangential force is proportional to the
sliding displacement at the contact point, and the proportionality constant kt is set to be half of kn
in this work. Regarding the maximum tangential force, we implement a simple Coulomb friction
model, where the static friction coefficient µ determines the bound |F tC | < µ|F nC | (see Mari et al.
2014, for details).
Thanks to the regularization of the lubrication resistance and the introduction of an effective
contact model we can simulate arbitrarily high values of Pe and we focus our attention on the
infinite-Pe limit. This regime could not be explored by previous theoretical studies developed in
the low-Pe regime (Brady & Vicic 1995; Bergenholtz et al. 2002). In the infinite-Pe limit, we can
neglect Brownian forces. Then, most of the particles come into contact or in near-contact with
others under shear flows. In this case, for the investigated range of volume fractions the long-range
hydrodynamic interactions are much less important than the short-range lubrication interactions
and we can thus ignore the former in our simulation.
We target sufficiently small particles in a viscous liquid, whereby particle and fluid inertia do
not play a role: both the Stokes number and the Reynolds number are assumed to be zero. In this
Stokesian regime, the particles obey the overdamped equations of motion in the form of a balance
FH + FC = 0 (2.1)
between hydrodynamic and contact forces, FH and FC, respectively. The hydrodynamic interac-
tions (force and torque) can be expressed as the sum of linear resistances to the relative velocities
and imposed deformation. We have
FH = −R · (U − u) + R ′ : D, (2.2)
whereR andR ′ are the resistance matrices. The linear and angular velocities globally represented
by the vector U can be determined by solving (2.1) and (2.2), and particles are moved and
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Figure 1. The relative viscosity η/η0 diverges as the volume fraction φ approaches the jamming point φ(µ)J ,
a decreasing function of the friction coefficient µ. Solid lines are obtained by fitting η/η0 = c(φJ − φ)−λ to
the data with the filled symbols. Vertical dashed lines represent the values of φ(µ)J estimated from the fitting
for each µ. The data corresponding to the open symbols near jamming are omitted in the fitting because of
the potential inaccuracy due to the particle softness.
rotated accordingly. The simulation box of volume V (on which periodic boundary conditions are
imposed) is deformed by following the simple shear flow u = Ûγyex . The stress tensor is given by
σ = V−1
∑
i
S(i)H + V
−1 ∑
i> j
(r(j) − r(i))F (i j)C , (2.3)
where S(i)H is the stresslet on the i-th particle, generated by hydrodynamic interactions.
We use an adaptive time step ∆t to update the particle positions based on the determined
velocities in such a way that a given maximum displacement dmax of the particles is respected in
each step: ∆t = dmax/max |U (i) |. The parameter dmax must be selected appropriately, depending
on the value of the stiffness kn. This procedure, necessary to avoid flaws such as inactive tangential
contact force due to unphysical jumps, makes the simulations for stiff particles near the jamming
point very time-consuming.
3. Results and discussion
We work in the infinite-Pe limit and we are interested in exploring the dependence of the
rheology of dense suspensions on the volume fraction φ of solid particles dispersed in aNewtonian
fluid with viscosity η0. The reported data are, unless specified otherwise, ensemble averages of
time averages (taken in a statistically steady state) over 20 independent 3D simulations of 1000
particles, with a bidisperse size distribution characterized by size ratio 1.4 and volume ratio
about 1. The cutoff length employed to regularize the lubrication singularity is set to δ = 10−3a
(Wilson & Davis 2002), with a being the radius of the smaller particles. The parameter kn for the
contact model is set to 105k0, where the constant k0 ≡ 6piη0a Ûγ is a reference value determined
by the Stokes drag under a constant shear rate Ûγ. (Our simulation is analogous to rate-controlled
rheological measurements, thus the shear rate Ûγ is constant over time.) The maximum particle
displacement is set to dmax = 5 × 10−4a and the time step adaptively computed as described
above.
3.1. Geometric interpretation of N1 and its presence in dense suspensions
As it is well known, the relative viscosity η/η0 is a monotonically increasing function of the
volume fraction φ (Figure 1). It follows the functional form η(φ)/η0 = c(φJ − φ)−λ (solid lines in
Figure 1), featuring a power-law divergence at a jamming point φJ that depends on the friction
coefficient µ (vertical dashed lines in Figure 1). As is expected in the presence of a similar
divergence, we observe a growth of several orders of magnitude in the relative viscosity.
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Figure 2. (a) The value of the normal stress difference N1 divided by the solvent stress η0 Ûγ remains negative
with an increasing intensity up to high volume fractions φ, where a sudden inversion towards large positive
values is observed. The behavior is similar for different values of the friction coefficient µ. Vertical dashed
lines indicate the respective jamming points φ(µ)J . (b) The ratio between N1 and the shear stress σ or the
corresponding reorientation angle θs give a better idea of the mildness of the effect measured by N1 over
the whole range of explored volume fractions. (c) The reorientation angle θs is defined as the angle, in the
flow plane, between the eigenvectors of the stress tensor σ and the eigenvectors of D (oriented at 45◦ from
the flow direction).
By contrast, the φ-dependence of the first normal stress difference normalized by the solvent
stress η0 Ûγ is non-monotonic: it is negative and slowly decreasing for moderate volume fractions,
reaches a minimum, and then rapidly increases to large positive values in the vicinity of the
jamming point (Figure 2 (a)). Nevertheless, a better appreciation of the role of N1 and its
rheological importance relative to that of the divergent viscosity comes from the analysis of
the ratio N1/σ or the reorientation angle θs (Figure 2 (b)). In fact, a nonvanishing N1 indicates
that the eigenvectors of the stress in the flow plane are rotated with respect those of D by an angle
θs ≡ tan−1
(
−N1/σ
2 +
√
4 + (N1/σ)2
)
, (3.1)
depicted in Figure 2 (c), which is determined only by the ratio N1/σ (Giusteri & Seto 2018).
In terms of these quantities, the measured values of N1 are seen to correspond to a minor
rheological feature—at least an order of magnitude smaller than the shear stress—that varies
smoothly with the volume fraction. Indeed, N1/σ is negative at lower volume fractions, decreases
to a minimum and then gradually increases towards zero, turning to positive values only in close
proximity of the jamming point (Figure 2 (b)).
3.2. Synergy and competition between hydrodynamic and contact interactions
When discussing the φ-dependence of the viscosity and, through N1/σ, of the reorientation
angle, it is instructive to breakdown the total values into hydrodynamic and contact contributions.
This is possible by taking advantage of the “perfect knowledge” offered by simulations, that is of
course not available when treating experimental data. As for the viscosity, upon increasing the
volume fraction contact interactions become more and more likely to occur and progressively
hinder hydrodynamic interactions. We can pictorially say that the two effects “fight for space” and
the shear stress σ is mostly determined by contact interactions. Moreover, as one would expect,
the presence of friction enhances the preeminence of contacts (Figure 3 (a,b)).
The situation for the ratio N1/σ is quite different (Figure 3 (c,d)). At lower volume fractions the
main contribution, with a negative sign, is given by hydrodynamic interactions, at intermediate
volume fractions contacts begin to contribute, again with a negative sign, and the reorientation
effect is strongest (N1/σ minimum) in a regime where the hydrodynamic contribution is
still significant and the contact contribution is growing. After this synergic regime, both the
6 R. Seto, G. G. Giusteri
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<latexit sha1_bas e64="E+sUHfJrEKZESNYp1UR3nELos6Y =">AAAEM3ichZNbaxNBFMenXS813loFX3 xZDIUiUrKlUCoIlWjxwUvMpSl0Q5mdPU nGzGWZma0bhvU7+Kqfww8jvomvfgcnF9N sTPC8zH/O+Z0zHM6cKGFUm0rl+9q6d+Xq tesbN0o3b92+c3dz696Jlqki0CKSSXUa YQ2MCmgZahicJgowjxi0o0F1FG9fgNJUi qYZJtDhuCdolxJsnKsd8tR/5lfON8uV3 crY/H9FMBVlNLXa+Zb3IIwlSTkIQxjW2n 7o8ry0HaYaEkwGuAe2p3DSpyTLS/NeSL SRSdx94jvVpb1iVNNUULOQkipWdGTjvou +iBfvAj6azEBmCu6zC6x6nUmQY9N3wZHu g1TALQPOcW5fj49ChEglGcNqmNvqTJbC F+CaV/DGVXqXgMJGKhsaldummuQT6UqJ+ HHYBKGlOgs6Nhy9q7sRteUgL1A2JHEsT T5BIirs00VAA1HQzcd1GqGTS4o0LhknR2 P+tILESfKXfJ4kIGKarULdpGYPO50qEJ jDKvp4jj7+Dx3W4W3KXc+RzGwd8tz3t/0 6DIVksfZFyiNQBb42x9emfA0YA7OMbphL umEmdMPIASyrbcMqTkl/2DAKtHaDiFyq pj33HRY6fJkZhQuYwamDxpt0ODZ/Ig72p +IwmG3Syd5uUNkN3u+Xj3amO7WBHqJHa AcF6AAdoVeohlqIoAH6jL6gr94374f30/ s1QdfXpjn3UcG8338AZS91vQ==</late xit>
<latexit sha1_bas e64="SZPMLCSQnOsBVjDqy/u128Dwi1k =">AAAEMHichZPLbtNAFIanNZcSbi1IbN hYhEoIoSpGlaqyKgpULLiEXNpKdVSNx8 fOkPGMNTMujkbmEdjCc/A0sEJseQomiUn jkIiz8T/nfOcfHR1PkDKqdKPxY23duXT5 ytWNa7XrN27eur25dedIiUwS6BHBhDwJ sAJGOfQ01QxOUgk4CRgcB8PmuH58DlJRw bt6lEI/wTGnESVYj1N+OqBnm/XGTmMS7 r/CK0UdldE623Lu+aEgWQJcE4aVMh+ipK ht+5mCFJMhjsHEEltrkhe1+SykSos0jJ 64VkU0rlYVzTjVCy2ZZNVEPhm6mguS6pn DR51ryHUlfXqOZdyfFhOsB7Y41gMQEhLD IElwYV5PPpUKEVIwhuWoMM2ZrPkvwA4v 4Y11epeCxFpI42tZmK6c9hNhrXj42O8CV 0Keen3jj+9VUUBN3SsqlPFJGApdTJGAc vNsEVBAJETFxKfjW7nEpHPBWDne8acVJE 7Tv+TzNAUe0nwVajc1u9jqTALHCayiD+ fow//QfhveZomdORC5aUNRuO6224YRFyx ULs+SAGSFb83xrZJvAWOgl9EdfUF39JTu aDGEZd7Gb+KMDEYdLUEpu4jAtioa299h YcKXuZa4gmmcWWjykvYn4U7F3m4p9r3ZS zp6uuM1drz3u/WDh+Wb2kD30QP0CHloD x2gV6iFeoigAfqMvqCvzjfnu/PT+TVF19 fKnruoEs7vP8JRdU0=</latexit>
<latexit sha1_bas e64="QdUU4stdVikQbbAlTPjKxKJR5pM =">AAAI3HicrZVLbxs3EMdX6SOK+ojTHn NZxYiRBIqwayttkcJACrdBD32olp0EMF WDy51dseKSG5JrSyXoU29Fb0W/W79KT+X qEWllG1KK8qLR8MeZPzmzZJQzqnQQ/F27 8c67771/s36r8cGHH318e+vOJy+UKCSB YyKYkK8irIBRDseaagavcgk4ixi8jIYH5 fzLM5CKCn6kxzn0M5xymlCCtXOdbv2JI kgpN5jRlEOMtTW7trGDEkIlYeD7/s7OxQ XSMNJGC42Z9RE6ebyX635JaUkxTx23oA bjWIp4zNtVUr0usKzGI4JrTLT1Gwh4vCT hdGs7aAeT4V82wpmx7c1G9/TOzQDFghQZ cE0YVsr8kmS2cR8VCnJMhjgFk0qcDygZ 2cayF3KlRR4nLd9ZCU2rs4oWnOqVJYVkV cdoUoaqL8qq/zmc61G564r75AzLtD+dz LAeVNfgTM2cJTAAISEzDLIMW/Pd5KcyQ4 QUjGE5tubgjdlAX4M7EQnfu0g/5iCxFt IgLa05cpInAYhwsXj8CB0BV0KehH2DysQ qiajZDq1dpgwicSxcm0yQyLXO01VAAZGQ 2EmcHnLmFUF6C8aZZS9eXEPiPJ+TX+W5 axQ6ug519XuT2NmFBI4zuI5+vkQ/X0OjQ /ihyNyeIzEyh2Ct79/3D2HMBYuVz4ssA lnhu0t8d8Z3gTHQV9E9vaB7ekr3tBjCVb ENOsAFGYx7WoJSrhCRW6po6vphZYffjL TEFUzjwlabTNPhr7Z0lAajkXRdY9QA56C q7WHmd4ILJTFVUIoN2k/yshfKxQZxEcOJ IpjBftDutKZ4K6GM7UfM5WvuBs2J0X/w 0Ngv7aX6TS+JjRNISAvX234u2DgVvOWvO HxFY1D7nakECfF1eefX2IaZ9zbNvDfff AEt6W5P7VYvNLj7aVlFhuUQ5GN9LioyVk XEEp+3/ruSsgydJ03X+sDnmsIv1qnSA8 evOZ3/QVgYNF2VNj2qxD2Cb6PpbRuGCw7 rJNAz2LxanVZMcSZ4vLJn9zSN1yRSdFTd 6mdrjv/yxxcGQXORxb2x4eqLetl4sdsO g3b4U2f72b3Za1v37nr3vAde6H3uPfO+9 bresUe8f2p+7WHtUf3n+m/13+t/TNEbt dmaT73KqP/1L1VfMpw=</latexit>
<latexit sha1_base64="QdUU4stdVik QbbAlTPjKxKJR5pM=">AAAI3HicrZVLbxs3EMdX6SOK+ojTHnNZxYiRBIqwayttkc JACrdBD32olp0EMFWDy51dseKSG5JrSyXoU29Fb0W/W79KT+XqEWllG1KK8qLR8Me ZPzmzZJQzqnQQ/F278c67771/s36r8cGHH318e+vOJy+UKCSBYyKYkK8irIBRDsea agavcgk4ixi8jIYH5fzLM5CKCn6kxzn0M5xymlCCtXOdbv2JIkgpN5jRlEOMtTW7tr GDEkIlYeD7/s7OxQXSMNJGC42Z9RE6ebyX635JaUkxTx23oAbjWIp4zNtVUr0usKz GI4JrTLT1Gwh4vCThdGs7aAeT4V82wpmx7c1G9/TOzQDFghQZcE0YVsr8kmS2cR8V CnJMhjgFk0qcDygZ2cayF3KlRR4nLd9ZCU2rs4oWnOqVJYVkVcdoUoaqL8qq/zmc6 1G564r75AzLtD+dzLAeVNfgTM2cJTAAISEzDLIMW/Pd5KcyQ4QUjGE5tubgjdlAX4 M7EQnfu0g/5iCxFtIgLa05cpInAYhwsXj8CB0BV0KehH2DysQqiajZDq1dpgwicSx cm0yQyLXO01VAAZGQ2EmcHnLmFUF6C8aZZS9eXEPiPJ+TX+W5axQ6ug519XuT2NmF BI4zuI5+vkQ/X0OjQ/ihyNyeIzEyh2Ct79/3D2HMBYuVz4ssAlnhu0t8d8Z3gTHQV9 E9vaB7ekr3tBjCVbENOsAFGYx7WoJSrhCRW6po6vphZYffjLTEFUzjwlabTNPhr7Z 0lAajkXRdY9QA56Cq7WHmd4ILJTFVUIoN2k/yshfKxQZxEcOJIpjBftDutKZ4K6GM 7UfM5WvuBs2J0X/w0Ngv7aX6TS+JjRNISAvX234u2DgVvOWvOHxFY1D7nakECfF1e efX2IaZ9zbNvDfffAEt6W5P7VYvNLj7aVlFhuUQ5GN9LioyVkXEEp+3/ruSsgydJ0 3X+sDnmsIv1qnSA8evOZ3/QVgYNF2VNj2qxD2Cb6PpbRuGCw7rJNAz2LxanVZMcSZ 4vLJn9zSN1yRSdFTd6mdrjv/yxxcGQXORxb2x4eqLetl4sdsOg3b4U2f72b3Za1v3 7nr3vAde6H3uPfO+9bresUe8f2p+7WHtUf3n+m/13+t/TNEbtdmaT73KqP/1L1VfM pw=</latexit>
<latexit sha1_bas e64="T1AvuBWfX98iUgFu61t5iVSpLAo =">AAAI3XicrZVLbxs3EMdXadqo6stpjr 2sYsRIU0XYtZWkaGAghdughz5Uy04CmI LB5c6uWHHJDcm1pRL0rbeit6KfrZ+ll3L 1iLSyDSlF9+Lx8MeZ/3BGZJQzqnQQ/F27 8c7Nd9+7VX+/8cGHH338ydbtT18oUUgC x0QwIV9FWAGjHI411Qxe5RJwFjF4GQ0Py vWXZyAVFfxIj3PoZzjlNKEEa+c63foTR ZBSbjCjKYcYa2t2bePeDkoIlYSB7/s7Ox cXSMNIGy00ZtZH6OThXq77DUdpSTFPHb egBuNYinjM21VSvS6wrMYjgmtMtPUbCHi 8pOF0aztoB5PPv2yEM2Pbm33d09u3AhQL UmTANWFYKfNLkrk6UKEgx2SIUzCpxPmA kpFtLHshV1rkcdLynZXQtLqqaMGpXtlSS FZ1jCZ9qPqirPo/h3M9KquuuE/OsEz70 8UM60F1D87UzFkCAxASMsMgy7A130/+VF aIkIIxLMfWHLwxG+gbcCci4QcX6accJN ZCGqSlNUdO8iQAES4Wjx+gI+BKyJOwb1C ZWCURNduhtcuUQSSOhZuTCRK52flqFVBA JCR2EqeHnHlFkN6CcWY5jBfXkDjP5+TX ee4GhY6uQ13/3iR2diGB4wyuo58v0c/X0 OgQfiwyV3MkRuYQrPX9e/4hjLlgsfJ5k UUgK3x3ie/O+C4wBvoquqcXdE9P6Z4WQ7 gqtkEHuCCDcU9LUMo1InJbFU3dPKxU+O 1IS1zBNC5sdcg0Hf5qS0dpMBpJNzVGDXA OqjoeZn4nuFASUwWl2KD9KC9nodxsEBcx nCiCGewH7U5rircSyth+xFy+5m7QnBj9 +58b+9Re6t/0ktg4gYS0cLPt54KNU8Fb/ orDVzQGtd+ZSpAQX5d3fo1tmHlv08x78 +ILaEl3e2q3e6HB3U/LKjIshyAf6nNRkb EqIpb4vPXflZRt6DxqutEHPtcUfrlOlR 44fs3p/A/CwqDpurTpUSXuFXwbTW87MFx wWCeBnsHm3eq0YoozweOVmt3TNF6TSNFR tdTHa47/8o8vDILmIot7Y8PVF/Wy8WK3 HQbt8OfO9rO7s9e27n3m3fXue6H3xHvmf ed1vWOPeP/UmrUHtS/qp/Xf6r/X/5iiN 2qzPXe8ylf/61/AVjLL</latexit> <latexit sha1_base64="T1AvuBWfX98 iUgFu61t5iVSpLAo=">AAAI3XicrZVLbxs3EMdXadqo6stpjr2sYsRIU0XYtZWkaG Aghdughz5Uy04CmILB5c6uWHHJDcm1pRL0rbeit6KfrZ+ll3L1iLSyDSlF9+Lx8Me Z/3BGZJQzqnQQ/F278c7Nd9+7VX+/8cGHH338ydbtT18oUUgCx0QwIV9FWAGjHI41 1Qxe5RJwFjF4GQ0PyvWXZyAVFfxIj3PoZzjlNKEEa+c63foTRZBSbjCjKYcYa2t2be PeDkoIlYSB7/s7OxcXSMNIGy00ZtZH6OThXq77DUdpSTFPHbegBuNYinjM21VSvS6 wrMYjgmtMtPUbCHi8pOF0aztoB5PPv2yEM2Pbm33d09u3AhQLUmTANWFYKfNLkrk6 UKEgx2SIUzCpxPmAkpFtLHshV1rkcdLynZXQtLqqaMGpXtlSSFZ1jCZ9qPqirPo/h 3M9KquuuE/OsEz708UM60F1D87UzFkCAxASMsMgy7A130/+VFaIkIIxLMfWHLwxG+ gbcCci4QcX6accJNZCGqSlNUdO8iQAES4Wjx+gI+BKyJOwb1CZWCURNduhtcuUQSS OhZuTCRK52flqFVBAJCR2EqeHnHlFkN6CcWY5jBfXkDjP5+TXee4GhY6uQ13/3iR2 diGB4wyuo58v0c/X0OgQfiwyV3MkRuYQrPX9e/4hjLlgsfJ5kUUgK3x3ie/O+C4wBv oquqcXdE9P6Z4WQ7gqtkEHuCCDcU9LUMo1InJbFU3dPKxU+O1IS1zBNC5sdcg0Hf5 qS0dpMBpJNzVGDXAOqjoeZn4nuFASUwWl2KD9KC9nodxsEBcxnCiCGewH7U5rircS yth+xFy+5m7QnBj9+58b+9Re6t/0ktg4gYS0cLPt54KNU8Fb/orDVzQGtd+ZSpAQX 5d3fo1tmHlv08x78+ILaEl3e2q3e6HB3U/LKjIshyAf6nNRkbEqIpb4vPXflZRt6D xqutEHPtcUfrlOlR44fs3p/A/CwqDpurTpUSXuFXwbTW87MFxwWCeBnsHm3eq0Yoo zweOVmt3TNF6TSNFRtdTHa47/8o8vDILmIot7Y8PVF/Wy8WK3HQbt8OfO9rO7s9e2 7n3m3fXue6H3xHvmfed1vWOPeP/UmrUHtS/qp/Xf6r/X/5iiN2qzPXe8ylf/61/AV jLL</latexit>
<latexit sha1_base64="SZPMLCSQnOs BVjDqy/u128Dwi1k=">AAAEMHichZPLbtNAFIanNZcSbi1IbNhYhEoIoSpGlaqyKg pULLiEXNpKdVSNx8fOkPGMNTMujkbmEdjCc/A0sEJseQomiUnjkIiz8T/nfOcfHR1 PkDKqdKPxY23duXT5ytWNa7XrN27eur25dedIiUwS6BHBhDwJsAJGOfQ01QxOUgk4 CRgcB8PmuH58DlJRwbt6lEI/wTGnESVYj1N+OqBnm/XGTmMS7r/CK0UdldE623Lu+a EgWQJcE4aVMh+ipKht+5mCFJMhjsHEEltrkhe1+SykSos0jJ64VkU0rlYVzTjVCy2 ZZNVEPhm6mguS6pnDR51ryHUlfXqOZdyfFhOsB7Y41gMQEhLDIElwYV5PPpUKEVIw huWoMM2ZrPkvwA4v4Y11epeCxFpI42tZmK6c9hNhrXj42O8CV0Keen3jj+9VUUBN3 SsqlPFJGApdTJGAcvNsEVBAJETFxKfjW7nEpHPBWDne8acVJE7Tv+TzNAUe0nwVaj c1u9jqTALHCayiD+fow//QfhveZomdORC5aUNRuO6224YRFyxULs+SAGSFb83xrZJ vAWOgl9EdfUF39JTuaDGEZd7Gb+KMDEYdLUEpu4jAtioa299hYcKXuZa4gmmcWWjy kvYn4U7F3m4p9r3ZSzp6uuM1drz3u/WDh+Wb2kD30QP0CHloDx2gV6iFeoigAfqMvq Cvzjfnu/PT+TVF19fKnruoEs7vP8JRdU0=</latexit><latexit sha1_bas e64="SZPMLCSQnOsBVjDqy/u128Dwi1k =">AAAEMHichZPLbtNAFIanNZcSbi1IbN hYhEoIoSpGlaqyKgpULLiEXNpKdVSNx8 fOkPGMNTMujkbmEdjCc/A0sEJseQomiUn jkIiz8T/nfOcfHR1PkDKqdKPxY23duXT5 ytWNa7XrN27eur25dedIiUwS6BHBhDwJ sAJGOfQ01QxOUgk4CRgcB8PmuH58DlJRw bt6lEI/wTGnESVYj1N+OqBnm/XGTmMS7 r/CK0UdldE623Lu+aEgWQJcE4aVMh+ipK ht+5mCFJMhjsHEEltrkhe1+SykSos0jJ 64VkU0rlYVzTjVCy2ZZNVEPhm6mguS6pn DR51ryHUlfXqOZdyfFhOsB7Y41gMQEhLD IElwYV5PPpUKEVIwhuWoMM2ZrPkvwA4v 4Y11epeCxFpI42tZmK6c9hNhrXj42O8CV 0Keen3jj+9VUUBN3SsqlPFJGApdTJGAc vNsEVBAJETFxKfjW7nEpHPBWDne8acVJE 7Tv+TzNAUe0nwVajc1u9jqTALHCayiD+ fow//QfhveZomdORC5aUNRuO6224YRFyx ULs+SAGSFb83xrZJvAWOgl9EdfUF39JTu aDGEZd7Gb+KMDEYdLUEpu4jAtioa299h YcKXuZa4gmmcWWjykvYn4U7F3m4p9r3ZS zp6uuM1drz3u/WDh+Wb2kD30QP0CHloD x2gV6iFeoigAfqMvqCvzjfnu/PT+TVF19 fKnruoEs7vP8JRdU0=</latexit>
���� ���� ���� ���� ���� ����
���
���
���
���
���
���
<latexit sha1_base64="TKV t8d6wpoEiiZaigjR cJfXUpFs=">AAAEL 3ichZNLbxMxEMfdLo 8SHm1B4sJlRVQpIB RlK6SqnIoKFQceIZ u0lbpR5fVONiZee2V 7y0bW8g24wufg0yA uiCvfAudBmg2JmIv /nvnNWKPxhCmjSjc aP9bWnStXr13fuFG5 eev2nc2t7bvHSmSS QIcIJuRpiBUwyqGj qWZwmkrAScjgJBwcj uInFyAVFbythyl0E xxz2qMEa+vya/jR+ Va1UW+Mzf1XeFNRR VNrnm8794NIkCwBrg nDSpkPvaSo7ASZgh STAY7BxBKnfUryoj LvhVRpkUa9J65VPRq Xo4pmnOqFlEyysiM f91z2hUn5zuGjzjX kuuQ+u8Ay7k6CCdZ 9GxzpPggJiWGQJLgw r8dHKUKEFIxhOSzM 4UxWghdgm5fwxlZ6 l4LEWkgTaFmYtpzkE 2FL8ehx0AauhDzzu iYYvat6ITVVryhRJ iBRJHQxQULKzbNFQ AGR0CvGdfzAyiVF/E vGytGIP60gcZr+JZ +nKfCI5qtQO6nZw1 ZnEjhOYBV9NEcf/Yc OWvA2S2zPochNC4r CdXfcFgy5YJFyeZa EIEt8c45vTvkmMAZ 6Ge3rS9rXE9rXYgDL apvgEGekP/S1BKXs IEKbqmhsv8NChy9z LXEJ0ziz0HiT9sfmT sTe06nY92abdLxb9 xp17/1u9aA23akN9 AA9RDXkoT10gF6hJ uoggmL0GX1BX51vzn fnp/Nrgq6vTXPuoZ I5v/8AIF10Wg==</ latexit>
<latexit sha1_base64="kKF ze5Ss0OEt9Qx98k5 oLxEq0Xo=">AAAEL 3ichZNLbxMxEMfdLo 8SHm1B4sJlRVQpIB RlK6SqnIoKFQceIZ u0lbpR5fVONiZee2V 7y0bW8g24wufg0yA uiCvfAudBmg2JmIv /nvnNWKPxhCmjSjc aP9bWnStXr13fuFG5 eev2nc2t7bvHSmSS QIcIJuRpiBUwyqGj qWZwmkrAScjgJBwcj uInFyAVFbythyl0E xxz2qMEa+vya+TR+ Va1UW+Mzf1XeFNRR VNrnm8794NIkCwBrg nDSpkPvaSo7ASZgh STAY7BxBKnfUryoj LvhVRpkUa9J65VPRq Xo4pmnOqFlEyysiM f91z2hUn5zuGjzjX kuuQ+u8Ay7k6CCdZ 9GxzpPggJiWGQJLgw r8dHKUKEFIxhOSzM 4UxWghdgm5fwxlZ6 l4LEWkgTaFmYtpzkE 2FL8ehx0AauhDzzu iYYvat6ITVVryhRJ iBRJHQxQULKzbNFQ AGR0CvGdfzAyiVF/E vGytGIP60gcZr+JZ +nKfCI5qtQO6nZw1 ZnEjhOYBV9NEcf/Yc OWvA2S2zPochNC4r CdXfcFgy5YJFyeZa EIEt8c45vTvkmMAZ 6Ge3rS9rXE9rXYgDL apvgEGekP/S1BKXs IEKbqmhsv8NChy9z LXEJ0ziz0HiT9sfmT sTe06nY92abdLxb9 xp17/1u9aA23akN9 AA9RDXkoT10gF6hJ uoggmL0GX1BX51vzn fnp/Nrgq6vTXPuoZ I5v/8AJ/F0XA==</ latexit>
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<latexit sha1_base64="IPTmKitacturEGsOKvw+Z3QxctM="></latexit><latexit sha1_base64="IPTmKitacturEGsOKvw+Z3QxctM="></latexit><latexit sha1_base64="IPTmKitacturEGsOKvw+Z3QxctM="></latexit><latexit sha1_base64="RssqrtjQjcsuyIEZdho859srVlI="></latexit>
<latexit sha1_base64="nKfT4jmHdTmng8kYsI8feDDybTM="></latexit>
<latexit sha1_base64="anPt/zM mbLz1brpEfCmvkUNfUF4=">AAAEL3ichZNLbxMxEMfdLo8SXi1IXLisCJ UKQlG2QqrKqShQceARsklbqRtVXu9kY+K1V7a3bGQt34ArfA4+DeKCuPI tcB6k2ZCIufjvmd+MNRpPmDKqdL3+Y23duXT5ytWNa5XrN27eur25dedI iUwS6BDBhDwJsQJGOXQ01QxOUgk4CRkch4PGKH58DlJRwdt6mEI3wTGnP Uqwti5/J3x0tlmt1+pjc/8V3lRU0dSaZ1vOvSASJEuAa8KwUuZDLykq20 GmIMVkgGMwscRpn5K8qMx7IVVapFHviWtVj8blqKIZp3ohJZOs7MjHPZd 9YVK+c/iocw25LrlPz7GMu5NggnXfBke6D0JCYhgkCS7M6/FRihAhBWNY DgvTmMlK8AJs8xLe2ErvUpBYC2kCLQvTlpN8ImwpHj0O2sCVkKde1wSjd 1UvpKbqFSXKBCSKhC4mSEi5ebYIKCASesW4jh9YuaSIf8FYORrxpxUkTt O/5PM0BR7RfBVqJzV72OpMAscJrKIP5+jD/9BBC95mie05FLlpQVG47rb bgiEXLFIuz5IQZIlvzvHNKd8ExkAvo319Qft6QvtaDGBZbRM0cEb6Q19L UMoOIrSpisb2Oyx0+DLXEpcwjTMLjTdpf2zuROw9nYp9b7ZJR7s1r17z3 u9WDx5Od2oD3UcP0A7y0B46QK9QE3UQQTH6jL6gr84357vz0/k1QdfXpj l3Ucmc338AIvN0Vw==</latexit>
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Figure 3. (a,b) The contact contribution σC to the total shear stress σ dominates on the hydrodynamic one
σH over almost the whole range of explored volume fractions, both in the absence and presence of friction,
even when hydrodynamic interactions determine a major fraction of N1. (c,d) Hydrodynamic and contact
contributions to N1/σ for frictionless and frictional contacts are negative over a wide range of volume
fractions φ. The hydrodynamic contribution decreases upon increasing φ. The negative contact contribution
becomes dominant but then vanishes, before turning to positive values near the jamming point.
hydrodynamic and contact contributions approach zero and, close to jamming, only the contact
contribution survives and switches to a positive sign.
It is thus clear that the change in the sign of N1 near the jamming point does not indicate
the transition from a preeminence of contacts over hydrodynamic interactions, which mostly
cooperate in building a microstructure that induces negative average contributions to N1.
3.3. From the microscopic force network to the macroscopic normal stress
We still need to understand what determines the sign of N1/σ. To this end, we introduce a
simplified quantity that retains the basic features of N1. Any force between particles i and j can
be decomposed into two parts, normal and tangential forces, by means of projections involving
the normal vector n(i j) ≡ (1/ri j)(r(j) − r(i)). Tangential contact forces play an essential role for
the particle dynamics and rheology. Indeed, the friction coefficient µ shifts the jamming point
and also determines the behavior of N1 as shown in §3.1. However, we can verify that normal
forces constitute the dominant part of the stress and especially the contributions of the tangential
forces to N1 are very minor. Here, we introduce the reduced stress tensor including only normal
forces,
σ˜ ≡ V−1
∑
i> j
(r(j) − r(i))F¯ (i j), (3.2)
where F¯ (i j) ≡ (F (i j) ·n(ji))n(ji) = −F¯i jn(i j) is the normal force acting on particle i from particle j.
Here, positive (resp. negative) F¯i j gives a repulsive (resp. attractive) force. The reduced normal
stress difference N˜1 is defined as
N˜1 ≡ 〈σ˜xx − σ˜yy〉
=
〈
V−1
∑
i> j
ri j F¯i j
[ (
n(i j)x
)2 − (n(i j)y )2]〉 = 〈V−1 ∑
i> j
(
−r ′i j F¯ ′i j sin 2θi j
)〉
=
〈∑
i> j
N˜ i j1
〉
, (3.3)
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Figure 4. (a) The reduced normal stress difference N˜1 (open symbols) constructed by omitting tangential
lubrication and contact forces can reproduce N1 (solid symbols), especially at higher volume fractions.
(b) Even the instantaneous value N˜1(t) linearly correlates to N1(t).
where the local angle θi j is the one formed between the projection of the normal vectorn(i j) in the
flow plane and the compression axis. (Additionally, r ′i j and F
′
i j are norms of the projected vectors
on the plane.) By analysing the data from our simulations, we can confirm that not only N˜1 is a
good approximation of N1 (Figure 4 (a)), but even the instantaneous value N1(t) can be reasonably
reproduced by the reduced N˜1(t), especially at higher volume fractions where the contact forces
are predominant, as seen in Figure 4 (b).
To illustrate how the local contributors N˜i j relates to the force network, we perform some 2D
monolayer simulations, which retain the qualitative features of the 3D simulations while allowing
for an easier visual perception, that can guide our understanding of the microscopic interactions.
Figure 5 (a) presents typical snapshots of the force network for a frictional system (µ = 0.5) at
area fraction φarea = 0.7 (upper panel) and φarea = 0.8 (lower panel). Normal forces F¯ (i j) between
interacting pairs are drawn as segments. The red and blue colors indicate repulsive and attractive
forces. The strength of the normal forces is visualized by varying the thickness of the segments.
We see that the most significant normal forces in these snapshots are repulsive (red).
The local contributors N˜ i j1 to the reduced normal stress difference N˜1(t) are represented in a
similar manner in Figure 5 (b). They contain the normal force F¯i j as a factor (see (3.3)), but it
is the factor n2x − n2y (a function of the local angle θi j) that decides the sign of the contribution
to N˜1(t), as shown in Figure 5 (c). (We observe that N˜1(t) is negative at φarea = 0.7 and positive
at φarea = 0.8.) When two particles align along the compression axis (θi j = 0), the normal force
does not contribute to N˜1 at all. The instantaneous value of N˜1 is given by the sum of many
contributions, from all the particle pairs, with opposite sign. Indeed, in a typical snapshot, we can
find strong local contributions of both positive (red) and negative (blue) sign.
A more quantitative understanding of this observation can be reached by evaluating the time-
averaged distribution of the normal forces and the normal stress components, F¯i j and N˜ i j1 , in
terms of the local angle θ for 3D simulations. Figure 6 (a) shows the distribution 〈F¯(θ)〉 of the
normal forces divided by the maximum value F¯max. The peaks of the force distributions are found
around the compression axis (θ = 0). This confirms that, though we can find some attractive
forces (negative values) along the extension axis at lower values of φ, the significant normal
forces are mostly repulsive.
The angular distributions N˜1(θ)/σ in Figure 6 (b) show very prominent positive and negative
peaks. Nevertheless, the global value of N˜1/σ, obtained by integrating N˜1(θ)/σ over the entire
range of directions, is somehow small with large fluctuations over time. The fact that the global
values are the result of a cancellation between large contributions of opposite signs makes the
sign of its fluctuating instantaneous values uncertain.
We can conclude that a global nonvanishing value of N1 is generated by a small imbalance of
positive and negative contributions in the angular distributions presented above. This is associated
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Figure 5. (a) Snapshots of 2D monolayer simulations to show the force network of the pair-wise normal
force F¯ (i j). The thickness of the segments indicates the intensity of the force. Repulsive forces (F¯i j > 0)
are in red and attractive forces (F¯i j < 0) in blue. (b) The pair-wise local contributions N˜
i j
1 to the first
normal stress difference. The vertical repulsive forces contribute positively (red), while the horizontal ones
negatively (blue). (c) Illustration of the factor n2x − n2y , that determines the sign of N˜ i j1 , in terms of the local
orientation angle θ formed by the normal force and the compression axis.
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Figure 6. The significant normal forces are mostly repulsive and the time-averaged values of N1/σ are
the result of cancellations among local contributions of opposite sign. This can be seen from the angular
distributions of (a) the projected normal force 〈F¯ ′(θ)〉 on the flow plane and (b) the ratio N˜1(θ)/σ, obtained
from 3D simulations with friction coefficient µ = 1.
with amild preference of the dominant branches of the force network to be aligned along a direction
different from the compression axis defined by the shear flow.
3.4. Anisotropy due to the planarity of the flow
As mentioned in the introductory section, the stress tensor in steady simple shear is character-
ized by three degrees of freedom. So far, we discussed the φ-dependence of the viscosity η = σ/ Ûγ
and the first normal stress difference N1. The third degree of freedom is normally associated with
the second normal stress difference N2 but, as shown by Giusteri & Seto (2018), this quantity is
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not fully independent of N1, since it is a combined measure of the misalignment between σ and
D (already captured by N1) and of a second effect. The latter corresponds to a stress contribution
which is isotropic in the flow plane (i.e., the x-y plane) but globally anisotropic, when the
vorticity direction is taken into account. In a simple shear flow, the nonvanishing vorticity is
everywhere orthogonal to the flow plane and the invariance under any translation along this
direction characterises the planarity of such flows. A good measure of the third independent
degree of freedom is given by
N0 ≡
〈
σxx + σyy
2
− σzz
〉
= N2 +
N1
2
. (3.4)
N0 is normalized by the isotropic pressure Π ≡ −(1/3)〈Trσ〉, so that N0/Π can be understood
by considering that it reflects an anisotropy of the normal stress (or “pressure”) originated from
the planarity of the flow. The negative values of N0/Π in Figure 7(a) indicate that the flow
generates more “pressure” in the flow plane than in the vorticity direction. This anisotropy
monotonically decreases as the system becomes denser and denser, and the viscosity higher and
higher (see Figure 1). In the limit where the viscosity of frictionless systems (µ = 0) diverges,
the anisotropy looks to vanish. This is consistent with the idea that flow-induced microstructures
are not relevant to frictionless jamming, being this dominated by geometric effects. On the other
hand, a residual stress anisotropy survives in the limit of jamming with friction µ > 0. Indeed, it
has been suggested that flow-induced microstructures may contribute to the jamming of frictional
systems (Cates et al. 1998; Bi et al. 2011). A similar observation was also reported as “absence
of dilatancy” in the quasi-static limit of frictionless granular flows (Peyneau & Roux 2008).
To complete our discussion of the stress anisotropy, we now consider the anisotropy generated
in the flow plane by the shear flow itself. This is of course a dominant effect in shear rheology
and it can be measured by the ratio of the shear stress σ = η Ûγ to Π, a quantity that defines the
macroscopic friction coefficient in the context of granular flows (Boyer et al. 2011a). The ratio
σ/Π displays a decreasing trend upon increasing the volume fraction, but a finite anisotropy seems
to survive even in the proximity of jamming (Figure 7(b)). Notably, for a range of volume fractions
that are not too close to the jamming point, the data for different friction coefficients collapse on
the same curve. This points to a geometric origin of this anisotropy in dense suspensions, that
makes it insensitive to friction, which is in turn essential in determining dynamical properties of
the system such as the intensity of the stress response. Nevertheless, close to jamming we observe
a measurable difference in the residual anisotropy for frictional and frictionless systems. Such
difference seems equivalent to what is observed in the quasi-static limit of granular dynamics,
that is σ/Π ∼ 0.1 for µ = 0 (Peyneau & Roux 2008) and σ/Π ∼ 0.35 for µ > 0.4 (Singh et al.
2013; Azéma & Radjaï 2014).
3.5. The role of elastic effects near jamming
In view of the link we established between the microscopic properties of the force network
and the macroscopic value of N1, the presence of a nonvanishing N1 near jamming appears to
be puzzling, irrespectively of its sign. In the limit of jamming with hard spheres, we expect that
effects of the rotational component of the flow are negligible compared to those of the extensional
component (Seto et al. 2017). If so, the force network would become statistically symmetric
across the compression axis in the flow plane, entailing a vanishing N1. Nevertheless, our data
indicate the presence of a symmetry breaking measured by nonzero values of N1. We thus need
to identify some factor that has been ignored in our previous arguments.
In analogy with what happens in viscoelastic fluids, the symmetry could be broken by the
vorticity if some elastic links were actually convected by the flow. While there is no such link in a
hard-sphere suspension, the contact model employed in our simulation effectively approximates
hard spheres with high-stiffness elastic ones. We then argue that the observed positive values of
10 R. Seto, G. G. Giusteri
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Figure 7. (a) The absolute value of the ratio N0/Π, a measure of the anisotropy of the stress in the vorticity
direction, decreases upon increasing the volume fraction φ since the force network becomes more and more
isotropic as the jamming point is approached. For frictional systems, a residual anisotropy is observed. (b)
The ratio of σ to Π, a measure of the anisotropy in the flow plane, also decreases with φ. The data for
different values of the friction coefficient µ display a nice collapse as a function of φ − φJ, except for the
points close to the jamming condition.
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Figure 8. (a) The positive value of N1/σ, observed at the volume fraction φ = 0.56 with friction coefficient
µ = 1, decreases if we increase the elastic constant kn employed in the contact model to approximate the
hard-sphere interaction. This indicates such elastic interactions as the origin of the positive N1 near jamming.
(b) The observed value of N0/Π is not significantly affected by changes in kn over the explored range. (c)
The dependence of the average maximum overlap 〈−h〉 on kn indicates that our simulation is gradually
approaching the hard-sphere limit as the elastic constant kn increases.
N1 are due to a failure of the simulation strategy in resolving contacts in a sufficiently rapid way.
Particles that overlap significantly for some time produce normal forces with directions that are
rotated towards the gradient direction, inducing an average reorientation of the stress eigenvectors.
To confirm this interpretation, we analysed the dependence of N1/σ on the effective normal
stiffness kn of the frictional contact model (µ = 1) by running 20 independent 3D simulations for
each value of kn at the volume fraction φ = 0.56, which is close to jamming and gave a positive
value of N1 in the data reported above. (The maximum displacement is set to a common constant
value dmax = 5 × 10−4a for kn 6 105k0 and, to ensure the reliability of the simulations, reduced
in inverse proportion to kn for stiffer particles with kn > 105k0.) Even though we cannot test
extremely large values of kn (the time steps would get extremely short and the simulation time
diverge) we found a clear trend of N1/σ decreasing as kn increases (Figure 8 (a)). We may infer
that, in the hard sphere limit, N1/σ is negative below jamming and asymptotically approaches
zero at the jamming point. In the same conditions, the value of N0/Π is not affected by the
tested increase in kn (Figure 8 (b)). This means that the finite stress anisotropy observed near the
frictional jamming and due to the planarity of shear flows is not an artifact of the simulation but
a genuine phenomenon.
Based on the awareness we gained from the computational results for stiffer particles, we can
make an instructive comparison with experimental studies. We take the work by Royer et al.
(2016) as an example. In these experiments, a suspension of silica particles with 2a = 1.54 µm
is fully thickened under a shear stress of 6000 Pa and exhibits a positive N1 for volume fractions
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above φ = 0.54. The typical contact deformation in such situation can be estimated as 10−4a,
by using the Hertzian contact model F = (4/3)E∗a1/2h3/2 with an effective elastic modulus
E∗ = E/2(1− ν2) given by assuming the Young modulus E = 70 GPa and Poisson ratio ν = 0.17
of silica particles. Such average overlaps can be realized with kn/k0 ≈ 107 in our simulation, if
the results of Figure 8 (c) are simply extrapolated. For such stiff particles, the computational value
of N1/σ is expected to be vanishing or slightly negative from extrapolating the data presented
in Figure 8 (a). Nevertheless, the data from Royer et al. (2016), red circles in Figure 9, show
definitely positive values of N1/σ. The discrepancy between simulations and experiments can
be explained either with the presence of interactions absent from our model, if it concerns bulk
rheology, or as a signature of boundary effects due to the presence of walls in standard rheometers.
Indeed, Gallier et al. (2016) numerically investigated wall effects on N1 and found that N1/σ can
be largely positive due to wall-induced ordering.
4. Conclusions
We investigated, by means of particle dynamics simulations, the presence and the microscopic
origin of normal stress differences in dense suspensions under simple shear flows in the high-
Péclet-number limit. By interpreting the first normal stress difference N1 as a measure of the
misalignment between the stress σ and the symmetric part of the velocity gradient D, we have
shown that it represents a minor effect in comparison to the increment in the viscous response
due to the interactions among the dispersed particles. Importantly, we provided evidence that
the sign of N1 cannot be used to discriminate whether hydrodynamic or contact interactions are
dominant. In fact, in the dense regime, hydrodynamic and contact interactions always cooperate
to give negative contributions to N1. From our analysis, it appears how the properties of the force
network generated under shear are key to understand the rheology of the system. Indeed, the
observed misalignment is so mild because it originates from a small imbalance of intense but
competing local contributions, that cancel each other in the macroscopic average.
Moreover, microscopic arguments allow to understand themeaning of positive values of N1. For
hard-sphere suspensions close to the jamming condition the force network becomes symmetric
across the compression axis in the flow plane, implying a vanishing N1. This is a clear discrepancy
with the positive values of N1 found in some experiments. We argue that those values ought to
be traced back to effects that cannot be accounted for with simple hard-sphere models. In fact,
we show that the positive values obtained in our simulations are due to the presence of elastic
interactions employed to regularize the the (numerically stiff) hard-sphere constraint. A possible
explanation of the experimental results could be sought in the presence of persistent elastic
interactions between particle pairs that are advected by the flow. However, as shown in Figure 9,
definitely positive values of N1/σ near jamming are found in experiments with particles that are
much stiffer than in our simulation, such as those byRoyer et al. (2016). Thismay suggest boundary
effects due to the presence of walls in experiments, rather than bulk rheological properties, as an
alternate explanation for the observed positive values of N1/σ.
In place of the second normal stress difference N2, we studied the quantity N0 ≡ N2 + N1/2.
This measures an effect genuinely independent of the misalignment measured by N1, namely a
stress contribution isotropic in the flow plane but globally anisotropic. It reflects an anisotropy
in the force network originated from the planarity of the flow. The force network tends to be
isotropic near jamming for frictionless contacts, and N0 vanishes accordingly, but some residual
anisotropy is observed near jamming for the case of frictional contacts.
In this work, we restricted our attention to the high-Péclet-number limit, where only hydro-
dynamic and contact forces determine the particle dynamics. Under lower stresses, some other
force, such as Brownian forces or short-range repulsive forces, tends to prevent contact and
to maintain a lubrication layer between particles. Such lubricated contacts are more similar to
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Figure 9. Comparison of our simulation results for the cases µ = 1 (solid gray line) and µ = 0 (dashed
gray line) with some reported experiments from the literature. Our frictionless simulation agrees with the
Stokesian Dynamics by Sierou & Brady (2002), indicating that the lubrication approximation is justified
at such high volume fractions. The frictional simulation near jamming shows a value of N1/σ much
closer to zero than the reported experimental data, suggesting that some effects are being neglected in the
computational model. The material and diameter of the particles used in the experiments are: 1. Silica,
1.54 µm; 2. Silica, 0.52 µm; 3. Polystyrene, 40 µm; 4. Polystyrene, 40 µm; 5. Polystyrene, 140 µm.
those obtained in the frictionless system. Under higher stresses, the effect of the additional force
declines and frictional contacts appear. As a consequence of this mechanism, the shear thickening
of dense suspensions, a rate-dependent feature, can be reproduced by interpolating between two
points on the rate-independent frictionless and frictional rheology curves in Figure 1 with a
function of a state parameter that controls the effective jamming point (Wyart & Cates 2014;
Singh et al. 2018). Analogously, a possible way to predict the rate dependence of N1/σ would
involve interpolating the reported results for frictionless and frictional systems. Nevertheless, the
non-monotonic behaviour of N1 makes it harder to find a suitable interpolating function.
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